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Subject Code: MTMG DSE-A

Graph Theory
Total Number of Lectures: 60L

Topic 1. GRAPHS, DIGRAPHS, WEIGHTED GRAPHS

1. Graph

1.1 Definition: A graph G is a pair of sets (V,E) where V is the set of vertices and E is the
set of edges. E is a multiset, in other words, its elements can occur more than once so
that every element has a multiplicity. Often, we label the vertices with letters (for
example:a, b,c...orvy, vz, ...)ornumbers 1, 2, ... Throughout this lecture material,
we will label the elements of V in this way.

Conceptually, a graph is formed by vertices and edges connecting the vertices.

Examplel.

1.2 Directed Graphs

Definition: A directed graph or digraph G is a graph in which each edge e=(vi,vj)has a direction
from its initial vertex vi to its terminal vertex vij.

In a digraph G(V,E), each edge e is associated with an ordered pair of vertices

Intuitively, a directed graph or digraph is formed by vertices connected by directed edges or
arcs.



Example2.

Formally, a digraph is a pair (V, E), where V is the vertex set and E is the edge set in graphs.
The difference is that now the elements of E are ordered pairs: the arc from vertex u to vertex
Vv is written as (u, v) and the other pair (v, u) is the opposite direction arc. We also have to keep
track of the multiplicity of the arc (direction of a loop is irrelevant). We can pretty much use
the same notions and results for digraphs. However:

1.
2.

Vertex u is the initial vertex and vertex v is the terminal vertex of the arc (u, v). We also

say that the arc is incident out of u and incident into v. _ _ _
The out-degree of the vertex v is the number of edges out of it and the in-degree of v is
the number of edges going into it.

In the directed walk (trail, path or circuit),
Vio,ejl,Vil,ej2 ..... ejk,Vik

vi¢ is the initial vertex and vic-1 is the terminal vertex of the arc e;c . .

When we treat the graph (V, E) as a usual undirected graph, it is the underlying
undirected graph of the digraph G = (V, E), denoted Gu.

Digraph G is connected if Gu is connected. The components of G are the directed sub-
graphs of G that correspond to the components of Gu. The vertices of G are connected
if they are connected in Gu. Other notions for undirected graphs can be used for
digraphs as well by dealing with the underlying undirected graph.

. Vertices u and v are strongly connected if there is a directed u— v path and also a

directed v—u path in G.
Digraph G is strongly connected if every pair of vertices is strongly connected. By
convention, the trivial graph is strongly connected.

. A strongly connected component H of the digraph G is a directed subgraph of G (not

a null graph) such that H is strongly connected, but if we add any vertices or arcs to
it, then it is not strongly connected anymore.

Every vertex of the digraph G belongs to one strongly connected component of G. However,
an arc does not necessarily belong to any strongly connected component of G.

Example3. For the digraph G

V5

ed

Vb




the strongly connected components are ({vi}, 8), ({Vz, Vs, va}, {3, €4, es}), ({vs}, @) and ({ve},
D).

The condensed graph Gc of the digraph G is obtained by contracting all the arcs in every
strongly connected component.

1.3 Waited Graph

In many applications, each edge of a graph has an associated numerical value, called a weight.
Usually, the edge weights are nonnegative integers. Weighted graphs may be either directed or
undirected.

Example 5: Weighted graphs where edges are assigned some numeric value.

Topic 2. CONNECT AND DISCONNECT GRAPH, COMPLEMENT OF GRAPH

2.1 Connected Graph and Disconnected Graph

A graph is connected when there is a path between every pair of vertices. In a connected graph,
there are nounreachable vertices. A graph that is not connected is disconnected.
A graph with just one vertex is connected. An edgeless graph with two or more vertices is
disconnected.

Example 1: Connected Graph and Disconnected Graph

With vertex O this graph is disconnected, the rest of the graph is connected
2.2 Complement of Graph

The complement of the simple graph G = (V, E) is the simple graph G = (V, E), where the edges
in E are exactly the edges not in G.

Example2: complement of graph G is G
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Example3. The complement of the complete graph Kh is the empty graph with n vertices.

W1
W1 W2 ] - V2
- 4 - oy
W3
W
Ka Complement of K,

2.3 Regular Graph

In graph theory, a regular graphis agraph where each vertex has the same number of
neighbors; i.e. every vertex has the samedegree or valency. A regular directed graph must also
satisfy the stronger condition that the indegree and outdegree of each vertex are equal to each
other. A regular graph with vertices of degree k is called a k-regular graph or regular graph of
degree k.

Example5: The following represents a 2-regular graph, since every vertex has same degree 2

-

Example6: The following represents a 3-regular graph, since every vertex has same degree 3
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2.4 Complete Graph

In the mathematical field of graph theory, a complete graph is a simple undirected graph in
which every pair of distinct vertices is connected by a unique edge. A complete digraph is
a directed graph in which every pair of distinct vertices is connected by a pair of unique edges
(one in each direction).

Example7: The following represents a Complete graph

J
2

2.5 Subgraph

A graph G" whose graph vertices and graph edges form subsets of the graph vertices and graph
edges of a given graph G. If G' is a subgraph of G, then® is said to be a supergraph of &',

Example 8: The following represents a graph G

.
2
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Example 9: The following represents a subgraph G/

Topic 3. WALK, PATH, CIRCUITS, EULER GRAPH, THEOREMS RELATED TO
GRAPH THEORY

3.1 Walk
A walk in the graph G = (V, E) is a finite sequence of the form
Vio,ejl,Vil,ej2 ..... ejk,Vik,
which consists of alternating vertices and edges of G. The walk starts at a vertex. Vertices Vi1
and vit are end vertices of ejt (t =1, . . ., K). vio is the initial vertex and vix is the terminal vertex.
k is the length of the walk. A zero length walk is just a single vertex vio . It is allowed to visit a
vertex or go through an edge more than once. A walk is open if vip 6= vix . Otherwise it is closed.

Example 1. In the graph

the walk

V2, €7, Vs, €g, V1, €8, Vs, €6, V4, €5, V4, €5, V4

is open. On the other hand, the walk
V4, €5, Va, €3, V3, €2, V2, €7, V5, €6, V4

is closed.



A walk is a trail if any edge is traversed at most once. Then, the number of times that the
vertex pair u, v can appear as consecutive vertices in a trail is at most the number of parallel
edges connecting u and v.

Example 2. (Continuing from the previous example) The walk in the graph
V1, €s, Vs, €9, V1, €1, V2, €7, V5, €6, V4, €5, V4, €4, V4
is a trail.

A trail is a path if any vertex is visited at most once except possibly the initial and terminal
vertices when they are the same. A closed path is a circuit. For simplicity, we will assume in
the future that a circuit is not empty, i.e. its length > 1. We identify the paths and circuits with
the subgraphs induced by their edges.

Example3. (Continuing from the previous example) The walk
V2, €7, Vs, €6, V4, €3, V3
is a path and the walk
V2, €7, Vs, €6, Va4, €3, V3, €2, V2
is a circuit.

The walk starting at u and ending at v is called an u— v walk. u and v are connected if there
is a u— v walk in the graph (then there is also a u— v path!). If u and v are connected and v and
w are connected, then u and w are also connected, i.e. if there is a u— v walk and a v— w walk,
then there is also a u— w walk. A graph is connected if all the vertices are connected to each
other. (A trivial graph is connected by convention.)

Example4. The graph is not connected.

3.2 Euler Graph

If some closed walk in a graph contains all the edges of the graph, then the walk is called an
Euler line and the graph is called Euler graph. Euler graph does not have any isolated vertices
and therefore connected.

An Euler path is a path that uses every edge of a graph exactly once. An Euler circuit is a circuit
that uses every edge of a graph exactly once.

An Euler path starts and ends at different vertices. An Euler circuit starts and ends at the same
vertex.



Example 5: Euler Graph

Theorem3.3:(Handshaking Theorem) The sum of degrees of all vertices in a graph G is
twice the number of edges in the graph, i.e, the sum of degrees of all vertices in a graph G
is always even.

Symbolically, in a graph G(V,E) with [E|=e number of edges, we have

>d(v)=2e
veV

Proof: We prove the result by induction on e, the number of edges in G.
For e=1, the result is obvious.
Now let G(V,E) be a graph of size e and the theorem is true for any graph of size <e.
Let uv be an edge in G and let G'(V/,E/)be the graph obtained by deleting the edge uv from G .
So G/(V/,E/) is a graph of size<e.
Therefore, by induction hypothesis zd(v) - 2¢/ where ¢/ :‘E/‘ —e-1
veV

Now if we add the edge uv to G/, then the sum of the degrees of the vertices is increased by 2,
sothat ¥ d(v)= Xd(v)+2=2¢/ +2=2( +1)=2e

veV VEV/
Hence the result is proved.

Theorem 3.4: The number of odd degree vertices in a graph is always even.

Proof: Let V and W be the set of vertices of odd degree and even degree respectively. Then by
handshaking theorem the sum of degrees of odd degree vertices and even degree vertices of the
graph G is equal to twice of edges of the graph i.e.

Sodvp)+ X d(vi)=2e

vieV vieW
Yd(vi)=2e- X d(vj)
vieV vieW

Since Y d(vj)iseven, therefore Y d(vj)is also even, i.e, the number of odd degree vertices in a
VvieW vieV
graph is always even.



Theorem3.5: The maximum number of edges in a simple graph with n vertices is n(n-1)/2

Proof: Let G be a simple graph having n number of vertices and e number of edges.

Then, by handshaking theorem xd(v) =2e
veV

or, d(v1)+d(v2)+...+d(vn)=2e

We know that the maximum degree of each vertex in the graph G is (n-1)
Therefore

d(vi)=d(v2)=...=d(vn)=n-1

and

(n-1)+ (n-1)+...+ (n-1) (adding n times)=2e

n(n-1)=2e

e=n(n-1)/2

Topic 4. THEOREMS, CUT-SETS, CUT-VERTICES, MATRIX REPRESENTATION
OF GRAPH, ADJACENCY AND INCIDENCE MATRIX OF A GRAPH

Theorem 4.1: The number of edges connected with a vertex of a simple graph of n
vertices cannot exceed (n-1).

Proof: Let G be a simple graph. A simple graph G has no self-loop and parallel edges.

Let v be any vertex of the graph G. Since G is a simple there is no self-loop and parallel edge.
The number of vertices of the graph G is n, so v can be adjacent to at most all the remaining (n-
1) vertices of G.

Therefore maximum of edges connected with v in (n-1) i.e, the number of edges of a simple
graph of n vertices cannot exceed (n-1).

Theorem 4.2: A complete graph with n vertices consists of n(n-1)/2 number of edges.

Proof: A simple graph in which there is exactly one edge between each pair of distinct vertices
is called a complete graph.

Let G be a complete graph with n vertices and e edges. Since the complete graph has no loop
and parallel edges, the number of adjacent vertices of every vertex is (n-1). Hence the total
degree of the vertices is (n-1)+ (n-1)+...+ (n-1) (adding n times)=n(n-1)

By handshaking theorem the sum of degrees of all vertices in a graph G twice the number of
edges in the graph i.e.

2e=n(n-1)

or, e=n(n-1)/2

Therefore a complete graph with n vertices consists n(n-1)/2 number of edges.

4.3 Cut Set

Let G(V, E) be a connected graph. A cut set for G is defined to be the smallest set of edges such
that removal of the set disconnects the graph but removal of any proper subset of this set leaves
a connected subgraph of G.



Examplel. The cut sets in the following graph

Ve f
W5
g
3
Wl
W
b V7 d
h
W2 VE

Here some of the cut sets are {a,b}, {f}, {e.f}, {a,9,d}, {a,g,i,c}, etc.

Here {a,qg,i,d}is not a cut set, though if we remove the edges the graph becomes disconnected.
Because one of its proper subset {a,s,d} is a cut set

4.4, Cut Vertex

Let G(V, E) be any connected graph. A cut vertex for G is a vertex v such that G-{v} has more
components other than G or become disconnected.

The subgraph is obtained by deleting the vertex v along with the edges incident to it

. Cutwvertex

G: G-v:

(Note! Generally, the only vertex of a trivial graph is not a cut vertex, neither is an isolated
vertex.)

A graph is separable if it is not connected or if there exists at least one cut vertex in the
graph. Otherwise, the graph is nonseparable.

Therefore a cut set of the connected graph G = (V, E) is an edge set F € E such that

1. G —F (remove the edges of F one by one) is not connected, and
2. G —H is connected whenever H c F.



Theorem 4.4. If F is a cut set of the connected graph G, then G — F has two components.

Proof. Let F = {e1, ..., ex}. The graph G — {ey, . .., ex-1} is connected (and so is G if k = 1)
by condition #2. When we remove the edges from the connected graph, we get at most two
components. []

Examplel. In the graph

(=h
el va vb

vl el LE :

{e1, es}, {es, €7}, {e1, €2, €3}, {es}, {e3, €4, €5, e}, {€2, €5, €7}, {e2, es, es} and {eo, e3, es} are

cut sets. Are there other cut sets?

In a graph G = (V, E), a pair of subsets V1 and V- of V satisfying

V=ViUVz, ViNV.=0, Vi6=0, V26=0,

is called a cut (or a partition) of G, denoted hV1, V2i. Usually, the cuts hVi, Vai and hVz, Vii
are considered to be the same.

Example2. (Continuing from the previous example) h{va, vz, va}, {Vvas, Vs, Ve}i is a cut.

We can also think of a cut as an edge set:

cut hV1, Vi = {those edges with one end vertex in V1 and the other end vertex in V>}.

(Note! This edge set does not define V1 and V2 uniquely so we can not use this for the definition
of a cut.)

Using the previous definitions and concepts, we can easily pr ove the following:

1. The cut hVy, Vai of a connected graph G (considered as an edge set) is a cut set if and
only if the subgraphs induced by Vi1 and V> are connected, i.e. G — hV1, Vi has two
components.

2. If Fis a cut set of the connected graph G and V1 and V: are the vertex sets of the two
components of G — F, then hVy, Vai Is a cut and F = hV1, Vai.

3. If v is a vertex of a connected (nontrivial) graph G = (V, E), then h{v}, V — {v}iis a cut
of G. It follows that the cut is a cut set if the subgraph (i.e. G — v) induced by V — {v} is

connected, i.e. if v is not a cut vertex.



4.5 Matrix Representation of Graphs

4.5.1 The adjacency matrix Representation of Simple Connected Graph

Let G be a simple Graph (i.e. having no parallel edges and self loops) with n vertices v1, vz, Vs,
...,vnthen the adjacency matrix of G is given by a n x n matrix

A(G)=(aij)nxn

L when vijvjis an edge of G
Where ajj =

0;if there is no edge between vj and vjof G

Example3: Find the adjacency matrix of the following graph

V1

3 V2

V3
Ve

V3
V4

Here the number of vertices is 6. The adjacency matrix is

V1 V2 V3V4 V5V6 |

ViI0O 10 1 0 0
V21 0 1 0 0 1
V3o 10 100
AG= (V41 0 1 010
V50 0 0 101

V6 0 1 0 0 1 0]

4.5.2 The Incidence matrix Representation of Simple Connected Graph

Let G be a simple Graph (i.e. having no parallel edges and self loops) with n vertices v1, vz, Vs,
...,vn,and m edges ey,e»,...,em then the Incidence matrix of G is given by a n X m matrix

1(G)=(aij)nxm

1 when ejis incident onvjof G
Where ajj =

0;if there is no edge ejincident on vjof G



Example 4: Find the Incidence matrix of the following graph

E1
B A
E4 -
E2
D
C
ES
E6,
E

Here we have 5 vertices and 6 edges, so the incidence matrix is of order 5 x 6 and is given by

El E2 E3E4 E5E6|
A0 10100

B1 0 1 0 0 1
CO 1010 0
' 1b1 0101 0
E0 0 0 10 1

Topic 5. GRAPH ISOMORPHISM, BIPARTITE GRAPH

5.1 Isomorphism
Two graphs G1 and G are isomorphic if there is a function f:V(Gy) —» V(G2) from the vertices
of Gito the vertices of G2 such that

1. fisonetoone
2. fisonto, and
3. for each pair of vertex u and v of Gi, {u,v}€E(G1) if and only if {f(u), f(v)} €E(G2)

The two graphs shown below are isomorphic, despite their different looking drawings.


https://en.wikipedia.org/wiki/Graph_drawing

Examplel: Examine weather the following two graphs are isomorphic

wl
wl
wd w2 W
w2
w3
w3
Gl G2

Solution: Both the graphs G: and G2 have 4 vertices and 5 edges
Also in the G1 and G2 there are 2 vertices of degree 3 and 2 vertices of degree 2.
Hence the necessary condition of isomorphism are satisfied

The adjacency matrices of the two graphs are

vl v2 v3v4 | [ wl w2 w3w4 |
vio 10 1 wioOo 10 1
A(GY) = v21 0 1 1 AGo) = w21l 0 1 1
v3 0 10 1 w30 10 1

Va1 1 1 0] wal 11 0 |

Since A(G1)=A(G2)
Therefore the two graphs are isomorphic.

5.2 Bipartite

In  the mathematical field of graph  theory, abipartite graph (or bigraph) is
a graph whose vertices can be divided into two disjoint sets U and V (that is,U and V are
each independent sets) such that every edge connects a vertex inUto one inV. Vertex
sets U and V are usually called the parts of the graph.

Example2: The following represents a complete bipartite graph

A 5 C
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Topic 6. TREE, BINARY TREE, THEOREM
6.1 Trees and Forests

A forest is a circuitless graph. A tree is a connected forest. A subforest is a subgraph of a forest.
A connected subgraph of a tree is a subtree. Generally speaking, a subforest (respectively
subtree) of a graph is its subgraph, which is also a forest (respectively tree).

Examplel. Four trees which together form a forest:

N

Theorem 6.2: Prove that if there is one and only one path between every pair of vertices in a
graph G then G is tree.

Proof: Both the way we can prove the theorem, First let us consider G be a tree, then from the
definition G is connected and so there exists a connected path in two vertices in G. The path
must be unique otherwise if there exists more than one edge between two vertices then it will
form a cycle which is a contradiction that G is a tree, so there exists unique path in between the
vertices.

Conversely let G be a connected graph such that two vertices are connected by unique path. To
prove G is tree we have to show there is no cycle in G. If possible let G contains a cycle then
between two vertices there exists two paths which contradicts that G is connected by unique
path.

Theorem 6.3: Prove that a tree with n vertices has (n—1) edges.

Proof: We prove the result by using induction on n, the number of vertices. The result is obviously true
forn =1, 2 and 3. Let the result be true for all trees with fewer than n vertices. Let T be a tree with n
vertices and let e be an edge with end vertices u and v. So the only path between u and v is e. Therefore
deletion of e from T disconnects T. Now, T — e consists of exactly two components T1 and T2 say, and
as there were no cycles to begin with, each component is a tree. Let nl and n2 be the number of vertices
in T1 and T2 respectively, so that n1 + n2 = n. Also, n1 < n and n2 < n. Thus, by induction hypothesis,
number of edges in T1 and T2 are respectively nl —1 and n2 —1. Hence the number of edges in T =n1l
—1+n2 —1+1 =nl +n2 -1 =n—1.

Theorem 6.4: Prove that a connected graph with n vertices and (n—1) edges is a tree.

Proof: Let G be a connected graph with n vertices and n — 1 edges. We show that G contains no cycles.
Assume to the contrary that G contains cycles. Remove an edge from a cycle so that the resulting graph
is again connected. Continue this process of removing one edge from one cycle at a time till the resulting
graph H is a tree. As H has n vertices, so number of edges in H is n—1. Now, the number of edges in G
is greater than the number of edges in H. So n—1 > n—1, which is not possible. Hence, G has no cycles
and therefore is a tree.



Topic 7. MINIMAL SPANNING TREE, PROPERTIES OF TREES

Theorem 7.1: Prove that the number of vertices in a binary tree is always odd

Proof: Let T be the binary tree with n vertices. From definition we know that in a binary tree one vertex
is of degree 2 and remaining vertices are of degree either one of three. So the number of odd degree
vertices in T is n-1. Again we know, the number of odd degree vertices is always even, so n-1 must be
even. It is possible only when n is odd, Hence the theorem.

Theorem 7.2: The number of leaves (pendent vertices) in a binary tree with n vertices is given by
(n+1)/2.

Proof Let K be a binary tree with n vertices. Let us consider r be the number of pendant vertices in the
graph K. Then there are (n—r) internal vertices in the graph K and (n—r—1) vertices of degree three. Thus
the number of edges in K = [3(n—r—1) + (2+r)])/2. But the number of edges in K is (n—1). Hence,
[3(n—r—1) + (2+1)]/2 = n—1, so that r = (n+1)/2.

7.3 spanning tree

A spanning tree of a connected graph is a subtree that includes all the vertices of that graph.

7.4 Minimum spanning tree

A minimum spanning tree is aspanning tree of aconnected, undirected graph. It connects all
the vertices together with the minimal total weighting for its edges.

A single graph can have many different spanning trees. We can also assign a weight to each edge, which
is a number representing how unfavorable it is, and use this to assign a weight to a spanning tree by
computing the sum of the weights of the edges in that spanning tree. A minimum spanning tree (MST)
or minimum weight spanning tree is then a spanning tree with weight less than or equal to the weight of
every other spanning tree. More generally, any undirected graph (not necessarily connected) has
a minimum spanning forest, which is a union of minimum spanning trees for its connected components.

Examplel.

G: spanning tree:

The edges of a spanning tree are called branches and the edges of the corresponding
cospanning tree are called links or chords.


https://en.wikipedia.org/wiki/Spanning_tree_(mathematics)
https://en.wikipedia.org/wiki/Connected_graph
https://en.wikipedia.org/wiki/Undirected_graph
https://en.wikipedia.org/wiki/Vertex_(graph_theory)
https://en.wikipedia.org/wiki/Connected_component_(graph_theory)

Example2: Construct spanning tree from the following graph.

Solution:

The spanning trees are given as follows:

ﬂ F

E—N/ |

Spanning Tree 1
ﬂ F

A

Spanning Tree 2

2
L

Spanning Tree 3

g;\/ﬂ

Spanning Tree 4



Topic 8. DIJKSTRA’S ALGORITHM FOR SHORTEST PATH PROBLEM

8.1 Dijkstra’s Algorithm

A simple weighted graph G (V, E, w) with n vertices is described by an n x n matrix W= (Wij)nxn
weight (or distance or cost) of the edge from ito |j

wij =40
oo, if there is no edge from vertex i to j

If the graph is not simple i.e. if the graph contains any loop, then discard it. Also if G contains parallel
edges between any two vertices, discard all except the edge having the least weight.

Let us consider that we are to find out the shortest path from a specified vertex s to another specified
vertex t.

At each stage in the algorithm some vertices have permanent labels and others have temporary labels.
Labels of a vertex v is denoted by L(v).

Assign first, the permanent label O to the starting vertex s, i.e. L(s)=0 and a temporary label oo to the
remaining vertices. Subsequently in each iteration another vertex gets a permanent label.

Stepl: Every vertex j that is not yet permanently labelled gets a new temporary label whose value is
given by

L(j)=min{oldL(j), (oldL(i)+wi)}

where i is the latest vertex permanently labelled in the last iteration and wi; is the direct distance between
the vertices i and j. If i and j are not joined by an edge then wij=co.

Step2: The smallest value among all the temporary labels is marked and this is the permanent label of
the corresponding vertex. In case of tie, select any one for permanent labelling.

Step3: Stepl and Step2 are repeated alternately until the destination vertex t gets a permanent label.

Every stage of labelling will be displayed in the table. In the table permanent label of every vertices will
be shown enclosed in a square.

Here the shortest distance of the destination vertex t is found by its value of the permanent label. The
shortest path will be formed by backtracking technique from the table.

Examplel: Find the shortest path and distance from A to E using Dijkstra’s Algorithm.




The given graph is not simple weighted. So, we make it simple

First we delete the edge CD of weight 5, because 3 is the minimum weight. We also delete the
edge EF of weight 4 for same reason. Then the graph becomes simple and is given by

The weighted table W is formed on the basis
weight (or distance or cost) of the edge from ito j

wij =40
oo, if there is no edge from vertex i to j

And is given by the following

A B C D E F
A 0 4 2 © 00
B « 0 3 2 0 o0
C o 0 0 3 o 3
D oo 00 0 1l o
E o 3 00 00 0 1
F o o0 o0 2 o 0

Here we are to find the shortest path from the vertex A to the vertex E. So we are to start our computation
by assigning permanent label 0 to the vertex A, i.e. L(A)=0 and other temporary label oo to all others.
Permanent label is shown in a square. Now at the every stage we compute temporary labels for all the
vertices except those that already have permanent labels, and only some of them will get permanent
labels. We continue this process until the destination vertex E gets a permanent label.



The computation is shown in the following table:

Stepl 0 o | oo | o 0 o | : A got the permanent label 0 and all others have

temporary label 0O

Step2 0 4 |2 o0 ) o | : Calculation of temporary labels and 2 is the
minimum among all

Step3 0 4 2 w0 %) o | : C got the permanent label

Step4 o |4 2 |5 0 5 : Calculation of temporary labels and 4 is the
minimum among all

Step5 0 4 2 |5 w 5 : B got the permanent label

Step6 0 4 2 |5 0 5 : Calculation of temporary labels and 4 is the
minimum among all

Step7 0 4 2 5 | 5 : There is a tie, so we select D arbitrarily. D got the
permanent label

Step8 0 4 2 5 |6 5 : Calculation of temporary labels and 4 is the
minimum among all

Step9 0 4 2 5 |6 5 : F got the permanent label

Step10 0 4 2 5 |6 5 : Calculation of temporary labels and 6 is the only
label

Stepl1 0 4 2 5 6 5 : Destination vertex E got the permanent label

Now we apply backtracking technique for finding shortest path. Starting from the permanent
label E (from step 11) we traverse back and see that in step 7, it is changed and at that step D
has got the permanent label. So, we move to D. Repeating the same things we see that in step
3, the label of D is changed and at that step C has got permanent label. So we move to C. Now
if we apply the same technique, then in step 1 the label of C is changed and at that step source
vertex A has got the permanent label. So we reach at the source vertex and stop the process.

Hence the shortest path is given by

A->C->D->E



5.2 Reachability: Warshall's Algorithm

We only deal with directed graphs in this section. The results also hold for ”undirected” graphs if we interpret an
edge as a pair of arcs in opposite directions.

Problem. We are given an adjacency matrix of the digraph G = (V, E). We are to construct the reachability matrix
R = (rj;) of G, where

1 if G has a directed vi- Vi path

rij =
0 otherwise.
(Note that VV = {vy, . . ., vn}.) In particular, we should note that if rjj = 1, then v; is in a directed circuit.
Warshall's Algorithm constructs a series of n x n matrices Eq, . . ., E, where

1. elements of E; are either zero or one.
2. Ei<Ei(i=0,...,n—1) (comparison is done element by element).
3. Eois obtained from the adjacency matrix D by replacing the positive elements with ones.

4. En=R.

5.5 The Lightest Path: Floyd's Algorithm

Problem. We are to find the lighest path from vertex u to vertex v (6= u) in a digraph or to show that
there is no such path when the arcs of the digraph have been assigned arbitrary weights. Note that the
weight of a directed path is the sum of the weights of the arcs traversed.

Obviously, we can assume there are no loops or parallel arcs. Otherwise, we simply remove the loops
and choose the arc with the lowest weight out of the parallel arcs. Floyd's Algorithm only works for
digraphs. We write the weight of (x, y) as a(x, y) and construct the weight matrix W = (w;; ) where

a (vi, v ) if there is an arc (vi, vj)
Wij =

oo otherwise.



(Once again, V ={vs, ..., v} is the vertex set of the digraph.) Floyd's Algorithm is similar to Warshall's
Algorithm. It only works if the digraph has no negative cycles, i.e. no directed circuit in the digraph has
a negative weight. In this case, the lightest directed path is the lightest directed walk.

Floyd's Algorithm constructs a sequence of matrices Wo, Wy, . . ., W, where Wy, = W

and

(Wi)ij = weight of the lightest directed vi— v; path,

where there are only vertices vy, . . ., Vic on the path besides vi and v;

(=0 if there is no such path).

Statement. When W is computed from Wy by the formula

(Wi)st = MIN{(Wi-1)st, (Wi-1)sk + (Wi-1)ke},

then we get the previously mentioned sequence of weight matrices. If the digraph has negative cycles,
then the sequence is correct up to the point when one of the diagonal elements turns negative for the
first time.

Proof. We use induction on k.

Induction Basis: k = 1. Since the digraph is loopless, the diagonal elements of W, can only be « and
the lightest directed path (if there is one) is one of the following, and the statement is obvious:

7o

0—)'/

S T Vs Vi Vs
# o—>® Vi
«
s=t: Vs© L AV
>

Induction Hypothesis: The statement is true for k < £. (€ > 2)
Induction Statement: The statement is true for k = £.

Induction Statement Proof: The diagonal elements of W1 have to be nonnegative (o is permitted)
for us to get this k. Let us consider the case where s 6=t. (The case s =t is analogous.) We have five
cases:

* Vertex v is on the lightest directed path but it is not vs or v, i.e. £ 6= s, t. Let us consider the
directed subpath from vs to v whose vertices other than vs and v are in {vs, . . ., Vi-1}. Suppose
the lightest directed vs— v, path of this kind has common vertices with the directed subpath from
V¢ to v; other than v itself, e.g. vp. The directed vs— v,— vi— Vi walk we get would be lighter than



the original directed vs— v; path. By removing cycles, we would get a directed vs— v; path that
would be lighter and would only contain

\/

vs as well as v; and the vertices vy, . . ., v¢ (). (We have to remember that weights of cycles are
not negative!) Therefore, the directed subpath from v; to v, is the lightest di-rected vs— v, path
which contains the vertices vy, . . ., v¢-1 as well as vs and v,. Similarly, the directed subpath from
v, to vi is the lightest directed v— v path which contains the vertices vy, . . ., vi-1 as well as v; and
v¢. Now, we use the Induction Hypothesis:

Wpst < We—Dst

(check the special case (W-1)st = ) and

Wplst =We—Ds * We-Det

The directed vs— v; path with the lowest weight exists and v, = vs. By the Induction Hypothesis,
(Wo)st = (We-1)st and

We—Ds *We—Dpt =W * WDt > W1t =We—Dst:
since (W¢-1)ec > 0 (possibly = o).

The directed vs— v; path exists and v, =v:.. By the Induction Hypothesis, (W¢)st =
(Wg—l)st and

We—Dsg *We—Dpt =We—Dsg *We—100 > We—Dsp =We—Dst:
since (W¢-1)¢e > 0 (possibly = ).

The lightest directed vs— v; path exists but v is not on the path. Now, we construct the lightest
directed vs— v, path and the lightest v— v: path which, in addition to the end ver-tices, contain
only vertices vy, . . ., Ve, if it is possible. By combining these two paths, we get a directed vs— v;
walk. By removing possible cycles from this walk, we get an as light or even lighter vs— v; path,
which only contains vertices v, . . ., v¢ as well as vs and vi. (We have to remember that weights
of cycles are not negative!) Therefore, this is a case where

We—Ds *We—1et > We—Dst

and the equation in the statement gives the right result. If there is no directed vs— v, path or vi— v;
path, then it is obvious.

The lightest directed vs— v; path does not exist. Then, (W)st = o and (W;-1)st = c0. On the other
hand, at least one of the elements (W-1)s¢ or (W 1) is = oo because otherwise we would get a
directed vs— v; path by combining the vs— v, path with the v(— v

v O

path as well as removing all possible cycles ( ).



Floyd's Algorithm also constructs another sequence of matrices Zo, . . ., Z, in which we store the lightest directed
paths in the following form

£ where v is the vertex following vi on the lightest directed

vi— Vi path containing only vertices viand vjas well as vy, . . ., Vk
(ZW)ij = (if such a path exists)
0 otherwise.
Obviously,
(jif (W)jj 6=
(Zo)ij =
0 otherwise.

The matrix Zx (k > 1) of the sequence can be obtained from the matrix Z-1 by

(“k—=Dik T Wk—Dik * Wk—Dkj < Wk—-2)jj
(2=
(Zx-1)ij otherwise,

so the sequence can be constructed with the sequence Wo, W4, . . ., W, at the same time. Finally, Floyd's Algorithm is
presented in the following pseudocode. We have added a part to test if there are negative elements on the diagonal and
the construction of the Zo, . . ., Z, sequence of matrices.



Topic 9. DETERMINATION OF MINIMAL SPANNING TREE USING KRUSKAL’S ALGORITHM
9.1 Determination of minimal spanning tree

9.1.1 Kruskal's algorithm

Input: The provided Graph

Stepl: Arrange all the edges of G, except the loops in the order of non-decreasing weights
Step 2: Select the first minimum edge of the list of edges.

Step 3: Add the next edge of smallest weights to the previous one which does not make any cycle or select
second minimum edge of the list of edges.

Step 4: Repeat Step 2 & 3 until n-1 edges are selected.

Examplel: Using Kruskal’s Algorithm find the minimal spanning tree of the following graph

First we select all the edges of G, except the loops in the order of non-decreasing weights and write it in the
following form:

Edges: AE BD AC BF DF CE CF AD AF BE

Weights: 3 4 5 5 6 7 7 7 8 9

Stepl: First select edge AE from the list, since it has the minimum weight

A

Step2: The next edge of smallest weight is BD. We can add it to the previous one because it does not form
any cycle.



Step3: The next edge of smallest weight is AC. We can add it to the previous one because it does not form
any cycle.

Step4: The next edge of smallest weight is BF. We can add it to the previous one because it does not form
any cycle.

A

B
4
5

5

3 D

c
E F

Step5: The next edge of smallest weight is DF. We discard it because it result in a cycle. Also we discard
CE due to the same reason.

Step6: The next edge of smallest weight is CF. We can add it to the previous one because it does not form
any cycle.




Example2: An illustration of Kruskal's algorithm

Edges: 12 13 14 23 25 34 35 36 46 56

Weights: 6 1 5 5 3 5 6 4 2 6

O
O © O @ ©

@ j
& OO ORI :

Initial Configuration stepl. choose (1,3) step2. choose (4,6)

0q 349 iy

step3. choose (2,5) step4. choose (3,6) step5. choose (2,3)




Example3: An illustration of Kruskal's algorithm

Image Description

AD and CE are the shortest edges, with length 5, and AD has
been arbitrarily chosen, so it is highlighted.

CE is now the shortest edge that does not form a cycle, with length 5,
so it is highlighted as the second edge.

The next edge, DF with length 6, is highlighted using much the same
method.

The next-shortest edges are AB and BE, both with length 7. AB is
chosen arbitrarily, and is highlighted. The edge BD has been
highlighted in red, because there already exists a path (in green)
between B and D, so it would form a cycle (ABD) if it were chosen.



https://en.wikipedia.org/wiki/Arbitrary
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The process continues to highlight the next-smallest edge, BE with
length 7. Many more edges are highlighted in red at this

stage: BChecause it would form the loop BCE, DE because it would
form the loop DEBA, and FE because it would form FEBAD.

Finally, the process finishes with the edge EG of length 9, and the
minimum spanning tree is found.

Topic 10. DETERMINATION OF MINIMAL SPANNING TREE USING PRIM’S ALGORITHM

10.1 Prim’s algorithm

First we remove all the self-loop and parallel edges if exists from the given graph G except the edge with the
minimum weight for any pair of vertices.

Next label the n vertices by vi,vz,...,vn. Weights of the edges are tabulated in an n x n table, of which ij®"
eliment w;j is given by the following rule

wij=weight of the edge between v; and v;
wij= oo, if there is no direct edge between vi and v;

In n x n table we replace the diagonal values and put ‘-’and it is to be noted that the entries in the table are
symmetric w.r.t its diagonal.

Now start from the vertex vi.Connect it to the nearest adjacent vertex, i.e. the vertex for which there is the
smallest entry in the row1 of the table. Suppose the vertex is vi. Now consider the edge containing viand v as
one subgraph and connect this subgraph to its nearest neighbour i.e the vertex other than viand v; for which
there is the smallest entry in the row land row i of the table. Suppose the vertex is vk. Next consider the tree
with the vertices vi,viand vk as one subgraph and continue the process of connecting until all the n vertices
are connect by n-1 edges. If there is a tie for selecting the smallest entry in any row then we choose arbitrarily.


https://en.wikipedia.org/wiki/File:Kruskal_Algorithm_5.svg
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Examplel: Using Prim’s Algorithm find the minimal spanning tree of the following graph:

Here we have 6 vertices. So the minimal spanning tree will be with 6-1=5 edges.
First we make the weight table in the following manner

vi v2 v3 v4 V5 vb6

vl — 6 5 7 9
v2 6 - 0 0
v3 5 2 - 3 o 4
vi 5 o 3 - 6 5
v5 7 0 e 6 - 3
vé 9 0 4 3 -

Stepl: We start from the vertex v; and the smallest entry in the row 1 is 5 for both (v1,v3) and (vi, va). We select (vi, vs)
arbitrarily which results in the following subgraph:

vl

V3

Step2: Then the smallest entry in the rowl and row3 is 2 for (vs, v2). We connect it to the above subgraph which results
in the following:

vl

w2

V3



Step3: Then the smallest entry in the rowl and row3 is 3 for (vs, v4). We connect it to the above subgraph which results
in the following:

Step4: Then the smallest entry in the rowl, row3, row2 and row4 is 4 for (vs, vs). We connect it to the above subgraph
which results in the following:

Step5: Then the smallest entry in the rowl, row3, row2, row4 and row6 is 3 for (ve, vs). We connect it to the above
subgraph which results in the following:

V3 vl

Science the number of vertices in the given graph is 6 and the subgraph in the last step contains 5(=6-1) edges, the
required minimal spanning tree is given by the step 5.

Weight of the minimal spanning tree=5+2+3+4+3=17



Example2: An example graph for illustrating Prim's algorithm

1 2 3 4 5 6
1 - 6 1 5 0 ©
26 - 5 00 3 o
31 5 - 5 7 4
45 o 5 - o 2
5 o 3 7 ) - 6
6 o o 7 2 6 -

4

o) ©

Iteration 1. U= 1} ltetation 2. U= {13}

@ ' @ @ 1 @ @ L 4
()
lteration 3. U ={ 1.3.6}

<ty pdy
® SQZE | o

lteration 4. U =1{1,3.64} lteration 5. U=1{1.3.6,4.2}

Weight of the minimal spanning tree=3+5+1+4+2=15



MULTIPLE CHOICE TYPE QUESTIONS ON MODULE
Choose the correct answer:

1. If the number of vertices and edges excluding self-loops is same then the incidence matrix of the
graph is
a) Symmetric b) identical C) square d) null

2. For a simple graph with 7 vertices and 8 edges if the 3™ row contains four 1 then

a) degree of v3=4 b) degree of vi=4 c) degree of v3=3 d) degree
of va=1

3. The degree of an isolated vertex is
a)0 b) 1 C)2 d)3

4. A self-loop cannot be included in a
a) walk b) circuit c) trial d) path

5. Adjacency matrix of a graph
a) Symmetric b) Skew-Symmetric c) singular  d) none of these

6. A minimally connected graph cannot have a
a) circuit b) component C) even vertex d) pendant vertex

7. A binary tree has exactly
a) two vertex of degree two b) one vertex of degree two
c) one vertex of degree one d) one vertex of degree three

8. The minimum number of pendent vertices in a tree with five vertices is
a)l b) 2 c)3 d)4

9. A Tree is always a
a) Self-complement graph b) Euler Graph c) Simple graph
d) Hamiltonian graph

10. The number of shortest paths between two vertices in a graph
a) is always only one b) may be more than one c) is always at least one
d) none of these



PRACTICE PROBLEMS ON DESCRIPTIVE TYPE QUESTION OF MODULE

1. Suppose G is a non-directed graph with 12 edges. If G has 6 vertices each of degree 3 and the
rest have degree less than 3, find the minimum number of vertices G can have.

2. Let G be a graph with n vertices and edges, then prove that G has a vertex of degree k such that k
> 2e/n.

3. If asimple regular graph has n vertices and 24 edges, find all possible values of n.

4. Find by Prim’s Algorithm the minimum spanning tree of the following graph.

v3

v2 30

vb

5. Find by Kruskal’s Algorithm the minimum spanning tree of the following graph.

f 10

6. 5. Apply Dijkstra’s Algorithm to determine a shortest path from A to G in the of the following
graph.

G

7. Examine if the two graphs are isomorphic
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8. Draw the graph whose incidence matrix is given by
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9. Find the complement of the graph

V1

W Vo

V4

10.Find all the spanning trees in the following graph

AN
/




