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Laplace Transform and Inverse Laplace Transform

Laplace transform is used in physics and engineering for analysis of linear time-invariant
systems such as electrical circuits, harmonic oscillators, optical devices, and mechanical
systems. In this analysis, the Laplace transform is often interpreted as a transformation
from the time-domain, in which inputs and outputs are functions of time, to the
frequency-domain, where the same inputs and outputs are functions of complex angular
frequency, in radians per unit time. Given a simple mathematical or functional
description of an input or output to a system, the Laplace transform provides an
alternative functional description that often simplifies the process of analyzing the
behavior of the system, or in synthesizing a new system based on a set of specifications.
The Laplace transform can also be used for solving ordinary differential equations (intial
value problem) and integral equations.

Definition: (Laplace transform)
Let F(t) be a real valued function defined for all 0. The Laplace transform of F(t) is

defined to be a function of new variable f(p):L[F(t)]:Te‘p‘F(t)dt. The symbol L is called
0

the laplace operator, whose domain is the sets of functions. The variable t in the above
integral is of course real, but both F(t) and the variable s may be taken as complex in
general case.

We write F(t)=Fi(t)+iF2(t) and s=c+it and by Euler’s formula
e™=costx+isintx, we see that the above integral splits into four integrals of the form

f(p)=L[F(t)]= Te’ptF(t)dt with s replaced by o and F(t) replaced by the products of F1(t) or
0

F2(t) with costx or sintx.

Existence of Laplace Transform

Let F(t) is of some exponential order as t—oo and is piecewise continuous over every
finite interval of t>0, then L[F(t)] exists.

[A function F(t) is of exponential order ¢ as t—oo if m(>0) and to can be found such that
|[F(t)|<me” for all t>to]

Note: Until and otherwise stated, once we define a function F(t) defined for all £>0, the
laplace transform of F(t) exists which is assured by the above result.

Laplace Transform of some elementary functions

F(t) L[F(D)] or f(p)
|
t" (n is a positive integer) p:;l p>0
r(n+1
t" (n >-1) s::l),p>0
ot L’p >a
p—a




. a

sin at 1 ,p>0
p

cos at 02 a2 p>0

. a

sinh at 07 o p>al
p

cosh at 72 p>lal

Some well known properties and results of Laplace transform

1. Linearity property

Let ¢1 and c2 be two constants and Fi(t), F2(t) be two functions defined for all t0.
Then L[ciF1(t)+caF2(t)]=ciL[F1(t)]+caL[F2(1)].

2. First shifting property (Exponential shift)

Let f(p) be the Laplace transform of F(t), then f(p-a) is the Laplace transform of e'F(t)
i.e. L[e*F(t)]=f(p-a).

3. Second shifting property
Let L[F(t)]=f(p) and G(t)=F(t-a) if t>a
0 ift<a

Then L[G(t)]=e?1f(p).

4. Unit step function or Heaviside’s unit function

The unit step function or Heaviside’s unit function H(t-a) is defined as
H(t-a)=1if t>a
0 if t<a, where a is positive real number.
L[H(t-a)]=e™Yp.
Given any function defined by
F(t)=F1(t) if t<ay

Fo(t) if ar<t<a,




Fs(t) if t>a,
Then F(t)=F1(t)+{F2(t)-F1(t)}H(t-a1)+{F3(t)-F2(t)}H(t-a2). So, using properties of
laplace transform L[F(t)] can easily be determined.

5. Change of scale property

Let L[F(t)]=f(p), then L[F(at)]=§f(p/a), where ‘a’ is a non zero constant.

6. Laplace transform of a periodic function

Let F(t) be a periodic function of period ‘a’ and F(t) is piecewise continuous in 0<t<a,

a
. i*pa ge‘ptF(t)dt :

then L[F(t)]=

7. Laplace transform of derivatives of nth order
Let F(t) and its derivative F'(t), F"(t),....,F"}(t) be continuous for all £>0 and is of

exponential order ¢ as t—oo, then the Laplace transform of F"(t) exists when p> ¢ and is
given by
L[F"()]=p"L[F(t)]-p"™F(0)-p"2F'(0)-.......-F"*(0).
In particular, L[F'(t)]=pL[F(t)]-F(0)
LIF*()]=pLIF(®)]-pF" (0)-F(0).
8. (a) Let L[F(t)]=f(p), then L[F(t)/t]:Tf(p)dp, provided the integral exists.
p

(b) Let L[F()]=F(p), then L[{ F(x)dx] :l;’) .
0

Definition: (Inverse Laplace transform)
If L[F(t)]=f(p), then F(t) is called the inverse laplace transform of f(p) and we write

F(t)=L"Y[f(p)]. The symbol L is called the inverse Laplace operator.



Formulae of Inverse Laplace transform

f(p) L™ [f(p)] or F(t)
pn_1+l’ n is a positive integer t/n!
L1 n>-1 t"
p" r(n+1)
= o
1 -
p? +a’ (sin at)/a
; t
p? +a2 CoS a
1 -
p?-a’ (sinh at)/a
P
02 —a? cosh at

Some well-known properties and results of Inverse Laplace transform

1. Linearity property

Let c1 and c2 be two constants and Fi(t), F2(t) be two functions defined for all =0 such
that L[F1(t)]=f 1(p) and L[F2(t)]=f 2(p).
Then L™[c1 f1(p) +c2fa(p)]=ci L [fa(p)]+coL ™ [f2(p)].

2. Eirst shifting property (Exponential shift)

Let f(p) be the Laplace transform of F(t), then L[f(p-a)]=e*L[f(p)].




3. Second shifting property

Let LY[f(p)]=F(t), then L1 [e*f(p)]=G(t)=F(t-a) if t>a
0 if t<a

4. Change of scale property

Let LY[f(p)]=F(t), then L'l[f(ap)]ng(t/a), where ‘a’ is a non zero constant.
5. If L[f(p)]=F(t), then LY[f"(p)]= L‘l[%} =(-1)"t"F(t), n=1,2,3,....
p

Convolution:

Let F(t) and G(t) be two continuous functions for all t>0, then the convolution of F(t) and

G(t), denoted by F*G, is defined by
F*G =}F(u)G(t—u)du
0

Properties of convolution

1. F*G=G*F, 2. F*(G+H)=F*G+F*H.

Convolution Theorem:

Let F(t) and G(t) be two rela valued function defined for all t>0.

If L™ [f(p)]=F(t) and L™[g(p)]=G(t), then L'l[f(P)g(p)]=i F(u)G(t-u)du .
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The Inverse Laplace Transform

1. If £L{f(t)} = F(s), then the inverse Laplace transform of F(s) is

L7HF(s)) = ().

The inverse transform £7! is a linear operator:

L7HE(s) + G(s)} = LTHE(9)} + L7HG(9)}

and

L7HcF(s)} = cLTHF(s)},

for any constant c.

2. Example: The inverse Laplace transform of

L6
s3 0 s2 44’

ut) = L7HU(s)}

a2 ]
_ i {83}+3c {82+4}

52
= — + 3sin 2¢.
5 + osin

3. Example: Suppose you want to find the inverse Laplace transform x(t) of

1 n 5s—3
(s+1)*  (s—3)2+6

X(s) =

Just use the shift property (paragraph 11 from the previous set of notes):

z(t) :‘1{<s+11>4}”1 {ﬁ}

e tt3
=% + €3t cos V6t

4. Example: Let y(t) be the inverse Laplace transform of

e 35 g

s2+4°

Y(s) =



Don’t worry about the exponential term. Since the inverse transform of s/(s%+4) is cos 2t,
we have by the switchig property (paragraph 12 from the previous notes):

—3s
a1 e S
y(t) = £ { s2+4 }

= H(t— 3)cos2(t — 3).

5. Example: Let G(s) = s(s?> +4s+ 5)~!. The inverse transform of G(s) is

9“):”1{@}
e rape)

:ﬁ_l{(sj;;22+1}_E_l{(s+22)2+1}

=e % cost — 2e Hsint. (5)

6. There is usually more than one way to invert the Laplace transform. For example,
let F(s) = (s> +4s)~!. You could compute the inverse transform of this function by

completing the square:
1
t)y=L""

- )
e o)

= — e ?'sinh 2t. (6)

N = DN =

You could also use the partial fraction decomposition (PFD) of F(s):
1 1 1

s(s+4) " 4s 4(s+4)

w) e ()

e—4t

F(s) =

Therefore,
f(t) = L7H{F(s)}

-1

o

> =~

DO = | =

e~ % sinh 2t. (7)



7. Example: Compute the inverse Laplace transform ¢(t) of

3s

Q(s) = (R

You could compute ¢(t) by partial fractions, but there’s a less tedious way. Note that

Hence,

8. Definition: The convolution of functions f(t) and g(t) is

(f xg)(t) :/0 f(t—wv)g(v)dv.

As we showed in class, the convolution is commutative:

(f*g)(t) = / £t — v)g(v) dv = / gt — v) f(v) dv = (g f)(t).

9. Example: Let f(t) =t and g(t) = e'. The convolution of f and g is

(f*g)(t) = / (t — v)e” dv

t t
:t/ e”dv—/ve”dv
0 0

=e —t—1.

(10)

(11)

10. Proposition: (The Convolution Theorem) If the Laplace transforms of f(t) and g(t)

are F'(s) and G(s) respectively, then

LA *9)()} = F(s)G(s),

(12)



that is,

LTHF(5)G(s)} = (f * 9)(t). (13)

11. Suppose that you want to find the inverse transform z(t) of X(s). If you can write
X(s) as a product F(s)G(s) where f(t) and g(t) are known, then by the above result,

z(t) = (f * g)(t).

12. Example: Consider the previous example: Find the inverse transform ¢(s) of

3s
Qs) = [CESE
Write Q(s) = F(s)G(s), where ;
F(s) = s2 41’
and s
G(s)

R
The inverse transforms are of F'(s) and G(s) are f(t) = 3sint and ¢(t) = cost. Therefore
q(s) = L7{Q(s)}
=L {F(s)G(s)}
= (f*=9)()

t
= 3/ sin (t — v) cos v dv. (14)
0

Even if you stop here, you at least have a fairly simple, compact expression for ¢(s). To
do the integral (14), use the trigonometric identity

sin A cos B — s1n(A+B)—2ksm(A—B).

With this, (14) becomes

t t
q(s) = §/ sint dv —|—/ sin (t — 2v) dv
2 Jo 0

= ;tsint. (15)

13. Example: Find the inverse Laplace transform x(¢) of the function

1

X(s):m.



If you want to use the convolution theorem, write X (s) as a product:

1 1
X(s) =~ )
(5) s 8244
Since .
fi
s
and
L1 1 = —sin 2t
s24+4f 2 ’
we have
1 [t
z(t) = —/ sin 2v dv
2 Jo
1
= é_l(l — cos 2t).
You could also use the PFD:
1 S
X(s) = — — .
)= " 1219
Therefore,
sty = LV i
B 4s 4(s% +4)
1
= Z(l — cos 2t).



Quick way to compute the inverse Laplace
transform (without partial fractions).

1. Rational functions with only simple roots in the
denominator.

In this case the solutions can be simply written down. It is best to illustrate by
examples.

Example 1. Find the Laplace inverse of

B 1
(ﬁf)(S)— (8—1)(8—2)

The Laplace inverse is given by multiplying the above function by e** and then
estimating the resulting function at s =1, with the factor s — 1 taken out, plus, the
resulting function estimated at s =2, with the factor s — 2 taken out. Namely

est est 2t t

J = g l=t il =gty = ¢

The method still works if we have more factors in the bottom, or if the top is
multiplied by a constant (or in fact any polynomial of degree less than the bottom).

Example 2. Find the inverse Laplace transform of

2
(15— 2)(s—3)

(Lf)(s)=

Solution: We simply write it down,

£) = 2 et o 2 est ot 2 est |
T (s =2)(s=3) T T s=D)(s=3) " (s—1)(s—2) "*7?
B 2¢et n 2 e2t n 2 e3t
T 1-2)(1-3)  2-1)2=-3)  B3-1)(3B-2)
t 2t 3t
_ 2e +26 +2€ ol _ 92 4 o3

2 -1 2

Example 3. Find the inverse Laplace transform of,

. S
$2+ a?

(L£F)(5)



Solution: You could use the table, or alternatively use the method above. First we
factor

CO s
s2+a?  (s+ia)(s —ia)

There are no repeated roots in the bottom and the top is a polynomial of degree less
than the degree of the polynomial in the bottom, hence the method applies. Thus
we can just write down the solution,

st , st

(& S e S

t) = ——=ls=—iat 77 |s=ia
/() (s—ia)| +(s+1a)|
B efiat, ( _1a) eiat_ia
N — 2ia 2ia
iat —iat
= % = COS (a t)

a
524 a?

As an exercice try deriving £*1< ) = sin (a t) from the method above.
Remember the formula

—e
21

iax
sin (e x) = ¢

for this.
2. Rational functions with multiple roots in the

denominator.

This case is more difficult, and you can either use partial fraction or the method
below.

Example 4. Find the Laplace inverse of

1
(s—1)(s— 2)2

(Lf)(s)=

Solution: One method is to simply write down the partial fraction,

1 A B C
(s—l)(s—2)2_s—1 s—2 (s—2)?

and then solve for A, B,C.

Another method is to reduce to the case of rational function with only simple roots
in the denominator by using a trick. The trick is to introduce a new variable a, and
express 1/(s —2)? in terms of the derivative of 1/(s —a). Namely,

1 _d 1
(5—2)2_da s—a

|a:2



because (d/da)(1/s —a)=1/(s —a)* so when we estimate at s =2 we get 1/(s — 2).
With this trick at hand we write,

(8—1)15—2)2:%(;1';&)&2

Therefore,

10 = (G5
1

d 1
_ -1 = .
= £ (da(s—l s—a)|a:2)

We are allowed to interchange the £~! (Laplace inverse) with the differentiation
operation, and so we keep on writting,

ft) = %ﬁl(sil'sia>|a=2 (1)

Now we know by the previous section that,

1 1 est est
_1 . — _ _
L (5—1 s—a) s—a|s_1+s—1|s_a

_ ¢ e
 1l—a a-1
Therefore returning to (1) we have
d et eat
) = —( ——+—"— )]s
/() da(l—a+a—1)| 2
et t eat eat

(1—a)2+a—1_(a—1)2|a:2

— et _'_ t th _ eZt
which is the desired solution.

Example 5. Find the inverse Laplace transform of

S

(fos) = (S . 1)2<8 _ 2)2

Solution: I will proceed more mechanically skipping more details as I've explained
the method in the previous example. We have

S

d d S
(s —1)%(s —2)? %%((s—a)(s—b)) o)




Therefore,

Now,

Therefore returning to (2) we find,

d d/ be? qe
1) = E&(b—a+a—b)|

B d(ebt+bt6bt b e a et )

da\ b—a  (b—a)® (a—b)?) 2}
et bt ebt b el e +tae
= 2 3— 2 3 | a=1
(b—a) (b—a) (a—10) b2

= 242t — 42+ 26t + 2t et

as you see in fact this is comparatively short. Comparatively to trying to do the
same example via partial fractions,

s A B n C n D
(s —1)%*(s—2)? s—1 (s—1)2 s—2 (s—2)




